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Engineering optimization of a highly nonlinear complex system is always a chal-
lenge methodologically and computationally. This is especially true when multistage
dynamic optimization is involved. While significant progress has been made in rigorous
deterministic algorithms for dynamic optimization, meta-heuristic-based optimization
may offer an attractive alternative. This paper introduces a general mathematical
framework, called the Population-based Probability Distribution Estimation (PPDE)
method, for tackling constrained multistage complex process dynamic optimization
problems. Solution identification is accomplished through probability distribution esti-
mation based search in a continuous space, where special solution migration and pen-
alty assignment techniques are integrated. Besides an optimal parameter estimation
problem for a reactor system, an automotive coating curing optimization problem is
also investigated, where the PPDE successfully minimizes oven energy consumption
under various process/product constraints. Optimization results demonstrate superior-
ities of the method over the Ant Colony System (ACS) based dynamic optimization
method. � 2007 American Institute of Chemical Engineers AIChE J, 53: 1805–1816, 2007
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constrained dynamic optimization, paint shop, polymeric coating curing

Introduction

A generalized engineering optimization problem can be
stated as follows: given a set of initial conditions and neces-
sary parameter values, find an optimal solution of a set of de-
cision variables in an effective and efficient way so that the
specified objective function can be extremized while all con-
straints are satisfied.1 In solution search, complexity can arise
from large-scale multistage dynamic processing and time-de-
pendent constraints, which may be expressed by sets of lin-
ear/nonlinear differential, integral, and algebraic equations. It
is always a challenge in solving such problems.2 Over the

past years, significant progress has been made in developing
deterministic global optimization methods for solving non-
convex nonlinear programming (NLP) and mixed-integer
nonlinear programming (MINLP) problems.3–7 Efforts have
been also devoted to global optimization for dynamic sys-
tems.8–10 Papamichail and Adjiman and Chachuat et al.11–14

proposed deterministic global optimization algorithms for a
type of dynamic systems, which involve a set of first-order
differential equations in the constraint set. Meanwhile, meta-
heuristics-based approaches, such as evolutionary algorithm
(EA) and particle swarm optimization (PSO), which are
based upon the principles of natural biological evolution or
artificial life, have also drawn considerable attention.15,16

Recently, Xiao et al. introduced a mathematical framework
for solving complex process dynamic optimization prob-
lems,17 which is an extension of a relatively new meta-heu-
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ristic approach called ant colony system (ACS) algo-
rithm.18,19 In that approach, a solution identification process
is expressed by a set of search trees and all the (artificial)
ants will work on this set of trees cooperatively. Each tree
corresponds to a decision variable, which is optimized jointly
by a set of ants. The solution search utilizes three classical
rules, i.e., the state transition rule, the local pheromone
updating rule, and the global pheromone updating rule. In
addition, a novel sequence determination rule is introduced
to improve algorithm performance. The methodology is gen-
eral and has been successfully used to solve a coating quality
constrained oven energy minimization problem and a cure-
window-based coating quality optimization problem.17,20

However, the solution search in an intrinsic discretized space
may restrict solution precision. Further, its computational
efficiency is yet to be improved.

In discretized space search, solution quality in most cases is
heavily affected by the fineness of discretization. Continuous
space search, on the other hand, avoids the discretization step
and has a better chance to obtain a globally optimal solution.
Note that extending meta-heuristics to continuous solution
space search in ant colony optimization (ACO) is not straight-
forward. Hitherto, only a few ant approaches for continuous
optimization have been proposed in the literature, such as con-
tinuous ACO and continuous interacting ant colony (IAC).21,22

The latest approach, which is at the same time closest to the
spirit of ACO for combinatorial problems, is proposed by
Socha and coworkers.23,24 Its principal idea is to construct sol-
utions by sampling probability distribution over the search
space. However, all the above approaches are functionally re-
stricted to solving unconstrained static optimization problems.

A general mathematical framework, called the population-
based probability distribution estimation (PPDE) method, is
developed in this work to tackle complex multistage con-
strained dynamic optimization problems. By comparing with
the ACS approach by Xiao et al.17 PPDE advances the solu-
tion identification process from search-tree-based discretized
space search to probability distribution estimation based con-
tinuous space iterative search. A special penalty assignment
technique is applied to take care of various constraints, and a
solution migration step is introduced to prevent premature
convergence commonly occurred in constrained optimization
problems. Solution quality and computational efficiency can
be greatly improved. The efficacy of the method will be
demonstrated by tackling a parameter estimation problem as
well as a complex industrial dynamic optimization problem.

General Dynamic Optimization Formulation
and Analysis

A class of dynamic optimization problems addressed in
this work are formulated below:
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where F’s are scalar sub-objective functions; F’s are inte-

grated process-product system models; G’s are initial and

boundary conditions for the system models; H’s are series of

inequality constraints for the optimization problem; subscript

i represents the stage index; Nst is the total number of stages;

X and Y denote the system input and output variables,

respectively; z is the generalized coordinate (e.g., one coordi-

nate in Cartesian coordinates); z
*

is the generalized position
vector; U includes all time-independent parameters, some of
which are dependent on positions; t0i and tei are, respectively,
the starting and ending times of the ith stage; zb1 and zb2 are
two boundaries; and Xmin and Xmax are, respectively, the
lower and upper bounds for input variables.

This is a large-scale multistage dynamic optimization
problem with a mixed set of sparse linear and nonlinear con-
straints. As shown in Eq. 1, the objective is time dependent
and is a sum of interdependent sub-objective functions. It is
clear that the stage-wised local optimization dose not guaran-
tee the global optimization for the overall system.

Individual sub-model shown in Eq. 2 is considered in each
dynamic stage. These sub-models are interacted among
operational stages, and between the process and the product.
Further, each sub-model consists of more detailed models
describing the dynamics of a number of process-product vari-
ables. Since system outputs depend on both time and posi-
tion, ordinary or partial nonlinear differential equations and
integral equations are involved. Moreover, the model takes
the transitions between adjacent stages into account. For
example, the continuity of physically meaningful variables
during transition has been included in Eq. 3. Equation 4
encapsulates process-product related and solution feasibility
related constraints. Due to the multistage nature of the prob-
lem, different operational requirements are imposed on sys-
tem inputs during different stages (see Eq. 5).

The complexities described earlier render tremendous diffi-
culties in solution identification using conventional dynamic
optimization approaches (e.g., variational methods, dynamic
programming, and direct sequential methods); it is very likely
that a variety of local optima in solution space exist. To iden-
tify optimal solution effectively and efficiently, a PPDE
method is proposed in this work. As it is a population-based
iterative approach, a population of solutions, rather than just
one solution, is needed in each iteration for solution identifica-
tion. It possesses the following merits in dealing with complex
multistage nonlinear constrained dynamic optimizations.

(1) Only objective function value is used to drive the
search process. This avoids obtaining gradient information
required in gradient-based methods or rigorous mathematical
formulations appeared in some indirect search methods (e.g.,
variational method), which may be very difficult to obtain
when the optimization model is complex.
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(2) The system inputs in all time stages can be optimized
simultaneously. Compared with sequential stage-wised opti-
mization approaches (e.g., dynamic programming), it may be
more effective for multistage dynamic optimization prob-
lems.

(3) A population of solution provides the information of a
good search region, instead of only a good point in the
search space. Consequently, for complex problems with
many local optima, it has a better chance to obtain global
optimal solution than point-by-point approaches (e.g., most
gradient-based techniques).

(4) Presence of multiple solutions can be beneficial in
handling constrained optimization problems.25 It is not a pre-
requisite for the algorithm to start from feasible solutions.
On the other hand, estimating probability distribution of
promising solutions to guide the exploration of the search
space is a new optimization concept for chemical engineers,
although it is recognized to be valuable for improving the
performance of the conventional evolutionary algorithms
(e.g., GA) in many computer science related applications.26

This concept also enables the continuous solution space
search, and consequently contributes to the precision of the
solution. Note that applying PPDE for simpler dynamic and
static optimization problems is straightforward.

Basics of Population-Based
Probabilistic Search

The PPDE optimization framework can be classified into
the research on population-based probabilistic search algo-
rithms (PBPS),26 which are based on modeling promising
solutions by estimating their probability distribution and
using the constructed model to guide the exploration of the
search space. The main procedure of these algorithms is sim-
ilar to that of GA. An initial population is randomly gener-
ated, and then new solutions will be constructed. The con-
structed better solutions will replace the old ones in the
original solution population. The same procedure will be
repeatedly executed until a termination criterion is met. The
difference between PBPS and GA is the approach of con-
structing new solutions. In GA, a new solution is generated
by directly operating on the solutions in the current genera-
tion through several operators (e.g., selection, crossover, and
mutation). However, in PBPS, a new solution is generated by
the following two steps: (a) to construct a model to estimate
the real distribution based on the solutions in the current iter-
ation, and (b) to generate new solutions according to the con-
structed model.

The principal idea in PBPS is that a population of solu-
tions can be viewed as a sample drawn from an unknown
probability distribution; iteratively refining the estimated dis-
tribution would allow the optimization algorithm to generate
new better solutions. The algorithms have shown satisfactory
performance in solving a variety of problems (mainly in the
computer science realm).26 However, a general framework of
incorporating the PBPS principal idea for chemical engineer-
ing optimization problems (especially, the complex multi-
stage nonlinear constrained dynamic optimization problems
formulated in the previous section) is unavailable. Develop-
ing such a framework becomes the major focus of this work.

PPDE Method

The PPDE method delineated in this section is to provide
answers to the following essential questions: What is the
approach by which an algorithm is used to deal with
dynamic optimization problems? How to construct a proba-
bilistic model to estimate the probability distribution of
promising solutions based on the solutions in the current iter-
ation and how to generate new solutions according to the
probabilistic model? How various constraints can be taken
care of and how to prevent premature convergence?

Time horizon discretization for dynamic optimization

To solve the problems formulated in Eqs. 1–5, the continu-
ous system input in each stage should be approximated by a
sequence of constant inputs. Assume that there are nu input
variables in X, the time duration of each stage [ti

0, t e
i ] is di-

vided into nd
i intervals, and the system input in each time

interval is constant. Note that all time intervals have the
same time duration Dtd. After time horizon discretization, the
optimization objective is to identify the optimal values forPNst

i¼1 n
u3nd

i discretized system inputs (decision variables),
such that the objective function can be minimized, and all
the constraints are obeyed.

Since PPDE generates a population of complete solutions
before any solution quality evaluation and probabilistic
model construction, the systems inputs in all time stages are
actually simultaneously optimized. Given a complete solu-
tion, the calculated objective function and constraints evalua-
tion information will be used for constructing a probabilistic
model.

Probabilistic model construction

A probabilistic model needs to be constructed in each iter-
ation for new solution generation. This model should be ca-
pable of estimating the probability distribution of promising
solutions so that the new solutions obtained from this model
has a potential to be better ones. Further, this model should
be constructed based on the solutions in the current iteration,
which can be treated as a sample drawn from an unknown
probability distribution. The task here is to estimate this
probability distribution from a given sample.

Estimation of probability distribution from a given sample
is extensively studied in the particle physics community,
where the kernel probability density estimation is a fast
growing technique.27,28 It is based on the premise that con-
tinuous, differentiable functions can be exactly modeled by
the infinite sum of some other, appropriately chosen,
‘‘kernel’’ functions. Gaussian function is chosen to be the
kernel function and it is the probability density function
(PDF). According to this technique, an estimated probability
distribution (of promising solutions) can be represented by
the sum of Gaussian kernels centered at the sample points
(individual solutions). The idea of assigning a weight to each
Gaussian kernel according to the solution quality is adopted
here to construct the probabilistic model, which is a weighted
sum of Gaussian kernels.23,24
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Solution Population Matrix. In matrix X̃ 5 [~xi;j]K3N, the
elements in each row form a solution for the optimization
problem (called an individual solution, either feasible or
infeasible). Element ~xi;j is the value for the jth decision vari-
able, xj, in the ith individual solution. Note that there are K
solutions in this population matrix and each solution contains
N decision variable values. In other words, a sample of K
values is given for each decision variable.

Kernel Probability Density Functions. As discussed, each
decision variable has a sample of K values, and K kernel prob-
ability density functions can be constructed for each decision
variable. The kernel probability density function matrix,
P([pi,j]K3N), is constructed from X̃. Each element pi,j (called a
kernel probability density function or simply KPDF) is a
Gaussian (or normal) function centered at ~xi;j, i.e.,

pi;j xj; l; r
� �

¼ 1

r
ffiffiffiffiffiffi
2p

p exp �
xj � l
� �2

2r2

 !
(6)

where

l ¼ ~xi;j (7)

r ¼ q1ffiffiffiffiffiffiffiffiffiffiffiffi
K � 1

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXK
l¼1

~xl;j � ~xi;j
� �2

vuut (8)

where q1 2 (0, 1) is a scaling parameter.24,27 Note that for
each element ~xi;j in solution population, a normal function
pi,j can be constructed according to Eqs. 6–8. There are K
Gaussian functions (i.e., pi,j, i 5 1 , . . . , K) corresponding to
one decision variable (i.e., xj).

Probability Distribution Estimation. The weighted sum
of KPDFs (i.e., pi,j, i 5 1,. . ., K) is used as the probabilistic
model to estimate the probability distribution of promising
values for decision variable xj. There are N decision varia-
bles, and thus N models are needed.

In individual preference vector X 5 [xi]K31, element xi 2
(0, 1) gives a weight for the ith KPDF (there are K KPDFs for
the decision variable xj). This vector also shows the solution
quality. The larger the value of xi, the better the ith solution.

The population probability density function vector,
P̄ ¼ ½�pj�13N , can be constructed from P and X, i.e.,

P ¼ XTP (9)

Note that element �pj (called a population probability den-
sity function or simply PPDF) is a weighted sum of kernel
probability density functions for decision variable xj, i.e.,

�pj ¼
XK
i¼1

xi 3 pi;j
� �

j ¼ 1; . . . ;N (10)

The element serves as the probabilistic model for decision
variable xj and it may not be a PDF according to the classi-
cal definition. It is constructed from a set of KPDFs, and the
set of KPDFs comes from the solution population.

Solution construction

Solutions in the initial iteration are randomly created. New
solutions are then generated according to the probabilistic
models. To prevent premature convergence, a solution migra-

tion technique is introduced to increase the diversity of solu-
tions in the population. Solutions generated in the migration
case are also discussed.

Initial Solutions. Elements in the initial solution popula-
tion are randomly generated between the upper and lower
bounds of decision variables according to the uniform distri-
bution. It is understandable that generating initial solutions
uniformly distributed in the solution space contributes to
global optimization, which requires exploring complete solu-
tion spaces.

New Solution Construction in Cases Without Migration.
As discussed earlier, �pj serves as the probabilistic model for
decision variable xj; it estimates probability distribution of
promising values for xj. Sampling the distribution expressed
by �pj (or simply called sampling �pj) once gives a new value
for xj. It can be accomplished by following the next two suc-
cessive steps.23,24

(i) Select one KPDF from the KPDFs that construct �pj
according to the following probability distribution:

p̂i ¼
xiPK
l¼1 xl

i ¼ 1; . . . ;K (11)

where p̂i is the probability of choosing pi;j, the ith KPDF for
the jth decision variable. Remember that a better solution has
a larger value of the weight, x. Consequently, the KPDF
centered at that solution has a better chance to be selected
for generating new solutions.

(ii) Generate a random number according to the selected
KPDF, pi;j. If this number is between the upper and lower
bounds of decision variable xj, it is the new value for xj. Other-
wise, repeat this step until a satisfactory value is obtained.

By sampling �p1 through �pN successively a complete
new solution will be generated. Repeat this process will give
another new solution.

New Solution Construction in Migration Cases. The

objective of solution migration is to increase solution diver-

sity in the solution population, thereby ensuring a thorough

search of the entire space. New solutions constructed in these

cases will be added into the solution population and should

have a certain level of variance.

Assume that the i*th solution in the current solution population

is the best solution. New solutions will be generated around this

solution. Thus, it is needed to introduce a PDF vector in the migra-

tion case, i.e., P̄ m 5 [�pm
j ]1 3 N, using the following equation:

�p m
j ¼ 1

r
ffiffiffiffiffiffi
2p

p exp �ðxj � lÞ2

2r2

 !
j ¼ 1; . . . ;N (12)

where

l ¼ ~xi�; j (13)

r ¼ max ðxmax
j � ~xi�; jÞ; ð~xi�; j � xmin

j Þ
� �

(14)

where �pm
j is the PDF in the solution migration case (or sim-

ply called MPDF) for the jth decision variable; ~xi�;j is the

value for the jth decision variable in the i*th solution (the

best solution in the current solution population); xmin
j and

xmax
j are the lower and upper bounds for the jth decision vari-

able, respectively.
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Matrix P̄ m gives probability distribution of migrated solu-
tions. Sampling �pm

j will lead to a new value for the jth deci-
sion variable. This can be accomplished by generating a ran-
dom number according to the normal distribution, �pm

j . Keep
in mind that the bounds for the decision variables should be
satisfied. Sampling �pm

1 through �pm
N successively generates a

complete new solution.
Note that new solutions are generated by sampling a set of

PDFs, i.e., KPDFs in normal cases and MPDFs in solution
migration cases. By comparing the standard deviation of
KPDF (see Eq. 8), the standard deviation of MPDF (see
Eq. 14) is much larger in most cases. It is known that
in probability theory, standard deviation is the most common
measure of statistical dispersion. Thus, sampling MPDFs can
give rise to a greater diversity of the generated new solution
alternatives and, consequently, a more thorough search of the
entire space. Therefore, solution migration contributes to the
prevention of premature convergence.

Solution evaluation and constraints consideration

Recall that the individual preference vector X shows the qual-
ity of solutions in the corresponding solution population and
gives a relative importance of each solution in constructing
probabilistic models (PPDFs in this work). The objective func-
tion value together with the constraints compliance conditions
of each solution should be considered to determine this vector.

To consider various constraints in the optimization prob-
lems, the most common way is application of penalty techni-
ques. Usually, it is accomplished by introducing penalized
objective function. Once some constraints are violated, pen-
alty terms will be added into the original objective function.
However, the primary deficiency of this method is that the
penalty terms are usually set roughly (at the same or higher
order than the order of the original objective function). In
this work, ranks are assigned to the solutions in the solution
population and penalties for infeasible solutions are designed
into the solution ranks, which consequently affect the possi-
bility of utilizing certain search spaces for generating new
solutions. In this way, adding penalty terms into the objective
function can be avoided. Since objective function value
needs to be calculated only for feasible solutions, computa-
tional time in calculating objective function value for infeasi-
ble solutions can be saved.

In the ranking vector, R 5 [ri]K31, element ri is a positive in-
teger, showing the rank of the ith solution in the solution popula-
tion. The rank is evaluated according to the objective function
value and constraint compliance conditions of each solution.
The smaller the value, the better the corresponding solution.

For the feasible solutions, ranks are assigned according to
their objective function values. Assign 1 to ri if the ith solu-
tion is the best solution, assign 2 if it is the second best, and
so on. If two solutions give the same objective function
value, they will obtain the same rank. For an infeasible solu-
tion, the rank is calculated as follows:

ri ¼ ceil K3 1 þ nvi
nc

� �� 	
; if the ith solution is infeasible

(15)
where K is the number of solutions in one solution popula-
tion; nc is the number of inequality constraints in the optimi-

zation problem (constraints shown in Eq. 4); nv
i is the num-

ber of violated constraints when using the ith solution; ceil is
an operator that rounds the element to the nearest integer
towards infinity. Note that, if the rank is smaller or equal to
K, the corresponding solution is a feasible solution; other-
wise, it is an infeasible solution.

According to R, the individual preference vector, X, can
be determined. Element xi 2 (0, 1) gives the preference of
using the ith KPDF pi,j (there are K KPDFs for the decision
variable xj) to generate a new value for decision variable xj
(see Eq. 11). It can be calculated as follows:

xi ¼
1

q2K
ffiffiffiffiffiffi
2p

p exp � ri � 1ð Þ2

2 q2Kð Þ2

 !
i ¼ 1; . . . ;K (16)

where q2 2 (0, 1) is another scaling parameter. Since x is
calculated from a Gaussian function, it is a value between 0
and 1. Note that ri is a positive integer (always larger than or
equal to 1). Consequently, a better solution with a better
rank (a lower ri value) will gain a greater preference value
(xi). If q2 is small, the standard deviation is small, which
means the best-ranked solutions are strongly preferred. On
the other hand, if q2 is large, different solutions will have a
more uniform preference. The preference for infeasible solu-
tions will be very low due to the large rank value (larger
than the population size K).

Note that scaling parameters, q1 and q2 (all in the range of
0 to 1) affect both the algorithm convergence and solution
quality. Generally speaking, the smaller the value, the faster
the convergence but the greater the possibility of being
trapped in local optima. A criterion used for choosing param-
eter values is that appealing solutions can be obtained within
reasonable computational time. Consequently, a medium
value (i.e., between 0.4 and 0.6) is suggested to test first.
However, trial and error of other values is always recom-
mended.

Solution identification procedure

The proposed procedure is an iterative process with Lmax

iterations. Assume that the population size is K, and in each
iteration (except the initial one), M (\K) new solutions are
generated. Let X̃

q
be the solution population at the qth itera-

tion, X̃
opt

be the best solution, X̃
q;opt

be the best solution at
the qth iteration, and J (X̃

q;opt
) be the objective function

value using this solution. The search approach contains the
following major steps.

Step 1. Generate an initial solution population X̃
0

con-
taining K individual solutions.

Step 2. Evaluate all K solutions in the solution popula-
tion. If it is a feasible solution, the objective function value
will be recorded; otherwise, record the number of violated
constraints.

Step 3. Generate ranking values in R.
Step 4. Based on the known X̃

q
(iteration number q 5

0, 1,. . ., Lmax) and its ranking vector, update X̃
opt

, if the best
solution in this iteration, X̃

q;opt
, is better than the existing

best solution. Then calculate individual preference vector X
from ranking vector R.

Step 5. Generate KPDF matrix P using Eqs. 6–8. PPDF
vector �P can be constructed from P and X using Eq. 9.
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Step 6. Generate M new solutions (either feasible or
infeasible) and then construct solution population for the
next iteration. Solution migration is designed here to prevent
premature convergence. Executing this step has two options,
i.e.,

Io ¼ 1 if mod q;Nmð Þ ¼ 0 and q > 0

2 otherwise



(17)

where Io is the option index; q is the iteration number; Nm is
a positive integer number; mod is an operator which gives
the remainder after dividing q by Nm. Since option 1 is for
solution migration, Eq. 17 suggests that to prevent the opti-
mization process from being trapped in local optima, a solu-
tion migration will be introduced once in every Nm iterations.
The two options will be delineated later in this section.

Step 7. Go to Step 4 to initiate another iteration, if the
maximum number of iteration has not been exceeded. Other-
wise, optimal solution X̃

opt
is obtained and J(X̃

opt
) is the min-

imum value, and the optimization process can be terminated.
New Solution Construction Options. There are two

options (see Eq. 17) in constructing solution population for
the next iteration. They are detailed below.

(a) Option 1 (Io5 1). This is a solution migration step; it
is to generate M new solutions in migration cases. In this
option, the worse M solutions in X̃

q
are directly replaced by

M new solutions to form a new solution population, X̃
qþ1

,
for the next iteration. Then, evaluate M new solutions. If a
solution is feasible, the objective function value will be
recorded. Otherwise, the number of violated constraints needs
to be recorded. Then, the K solutions in X̃

qþ1
need to be

ranked.
(b) Option 2 (Io5 2). M new solutions are generated by

sampling PPDFs, all of which need to be evaluated. Then all
(K 1 M) solutions (K solutions in X̃

q
, and M new solutions)

should be ranked using the same method described in the
previous section. After that, the first K best solutions need to
be chosen to form a new solution population X̃

qþ1
for the

next iteration. The corresponding ranking vector R (the first
best K ranks in total K1 M ranks) should be recorded.

Numerical explanation on major search steps

A simplified numerical example is given to explain major
steps in solution search. Suppose we attempt to solve an opti-
mization problem with three decision variables (N 5 3) and
two constraints (nc 5 2). Also assume that there are three solu-
tions (K 5 3) in one solution population and one new solution
(M 5 1) is generated in each iteration. The scaling parameters

q1 and q2 are both set to 0.4 and the solution migration step is
introduced once every 100 iterations (Nm 5 100).

Steps 1 to 3. The upper and lower bounds for each deci-
sion variable and the initial solution population are shown in
Table 1 (see the columns with the heading of ‘‘X̃

q
’’).

Assume that feasible solution 3 gives a smaller objective
function value as compared with feasible solution 1, thus so-
lution 1 receives rank ‘‘2’’ and solution 3 obtains rank ‘‘1".
Solution 2 is infeasible, as it violates one constraint. Accord-
ing to Eq. 15, solution 2 is given rank ‘‘5.’’

Step 4. Solution 3, which is (12.2, 5.4, 85.7), is used to
update the optimal solution X̃

opt
. The elements in the indi-

vidual preference vector X are calculated from Eq. 16 and
has been shown in Table 1 and Figure 1a. Note that in Fig-
ure 1a, two cases with different q2 values are shown to illus-
trate the function that q2 has (see the comments on q2, in the
paragraph after Eq. 16).

Step 5. KPDFs and PPDFs can be obtained using Eqs. 6–
9. They are shown in Figures 1b–d. Each decision variable
has three KPDFs (K 5 3) and one PPDF.

Steps 6 and 7. Since this is the initial iteration (q 5 0),
option 2 is selected. The first new solution is constructed by
sampling �p1, �p2, and �p3. Sampling each PPDF can be accom-
plished in two successive steps. First, according the probabil-
ity distribution calculated by Eq. 11 (values are shown in Ta-
ble 1), one KPDF is chosen. Then, sample that KPDF.
Assume p3,1, p1,2, and p3,3 (Figure 1) are chosen and one
new solution (13.1, 12.5, 86.1) is generated. In Figure 1, �Pm

is also shown to illustrate the solution migration effect. As
indicated in this figure, for decision variable xj, MPDF (i.e.
�pm
j ) has a much larger standard deviation than any KPDF

(i.e., p1;j, p2;j, or p3;j) has. It is understandable that generating
new solutions according to �P

m
(almost a uniform distribution

in this case) can increase the solution diversity and help the
process jump out of the local optima.

Assume that this new solution is better than any solutions
in X̃

0
. The new solution population and ranking vector are

shown in Table 1. The maximum iteration has not been
reached. Thus, the solution search returns to Step 4.

Solution 2, which is (13.1, 12.5, 86.1), is used to update
the optimal solution X̃

opt
. KPDFs and PPDFs will be

updated. Some results in this new iteration are shown in Ta-
ble 1 and Figure 2.

Case Studies

To demonstrate the efficacy of the PPDE method, an opti-
mal parameter estimation problem for a set of dynamic mod-
els and a multistage nonlinear constrained dynamic optimiza-
tion problem are solved in this section.

Table 1. Results in Numerical Explanation Example

Iteration Index Solution Index

X̃
q

R O p̂ (%)~xi;1 [10, 50] ~xi;2 [0, 20] ~xi;3 [60, 90]

Initial iteration (q 5 0) Solution 1 24.2 12.3 66.5 2 0.2349 41.3
Solution 2 30.4 8.1 77.2 5 0.0013 0.23
Solution 3 12.2 5.4 85.7 1 0.3325 58.47

First iteration (q 5 1) Solution 1 24.2 12.3 66.5 3 0.0829 12.75
Solution 2 13.1 12.5 86.1 1 0.3325 51.12
Solution 3 12.2 5.4 85.7 2 0.2349 36.13
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Case I: parameter estimation example

Floudas et al. and then Papamichail and Adjiman solved
an interesting parameter estimation problem using determin-
istic global optimization techniques.12,29 The dynamic opti-
mization problem involves a first-order irreversible isother-
mal liquid-phase chain reaction: A �!x1

B �!x2
C, and it is for-

mulated as follows:

min
x1;x2

J ¼
X10

j¼1

X2

i¼1

yi tj
� �

� yexp
i tj
� �� �2

(18)

s.t.

dy1

dt
¼ �x1y1 8t 2 ½0; 1� (19)

dy2

dt
¼ x1y1 � x2y2 8t 2 ½0; 1� (20)

y1ð0Þ ¼ 1 (21)

y2ð0Þ ¼ 0 (22)

0 � x1 � 10 (23)

0 � x2 � 10 (24)

where y1 and y2 are the mole fractions of components A and
B, respectively; x1 and x2 are, respectively, the rate constants

of the first and the second reactions that are to be estimated;
yexp
i ðtjÞ is the experimental point for state variable i at time
tj. The experimental points used in this work are taken from
Floudas et al. (Table 2).29

In using the PPDE algorithm, the population size, K, is set

to 20, and the scaling parameters, q1 and q2, are set to 0.6

and 0.5, respectively. In each iteration, 18 new solutions are

generated (M 5 18). The maximum iteration number is set

to 500 (Lmax 5 500) and the solution migration step is intro-

duced after every 100 iterations (Nm 5 100). The MATLAB

function ‘‘ode45’’ is used to solve the initial value problem

described by Eqs. 19–22. The maximum integration time-

step is set to 0.01 and the state variable value at the specified

time instant (i.e., yi(tj)) is obtained through the cubic spline
interpolation based on the numerical solution generated by
‘‘ode45.’’ The PPDE method identifies the optimal parame-
ters x1 and x2 at the values of 5.0034864 and 0.9999998,
respectively, and the objective function value is 1.18584 3

1026. The experimental points and the state variable dynam-
ics for the optimal parameters identified by PPDE are shown
in Figure 3, which demonstrates an almost perfect fit of the
experimental data.

The identified parameter values by the PPDE method are

the same as those by Floudas et al. as well as by Papamichail

and Adjiman (i.e., x1 5 5.0035 and x2 5 1.0000).12,29 The

objective function value identified by the PPDE is

Figure 1. Initial iteration results: (a) individual preference x vs. rank for two different q2 cases, (b) kernel probability
density functions (KPDFs), population probability density function (PPDF), and probability density function
in solution migration cases (MPDF) for decision variable x1, (c) KPDFs, PPDF, and MPDF for decision vari-
able x2, and (d) KPDFs, PPDF, and MPDF for decision variable x3.
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1.18584 3 1026, which is the same as that by Floudas et al.29

and Papamichail and Adjiman.12 (Note that the objective func-
tion value in Papamichail and Adjiman was 1.18562 3 1026,
which is erroneous because the objective function value, using
their parameter values, should be 1.18585 3 1026).

One advantage of using the PPDE method is its computa-
tional efficiency. In this work, a single CPU desktop com-
puter (2.39 GHz, 512 MB RAM) was used. The optimal so-
lution (i.e., the objective function at the value of 1.18584 3

1026) was identified after 39 s of computation (after the 40
computational iterations) (Figure 4). Papamichail and Adji-
man reported their computational time using an Ultra-60
workstation (2 3 360 MHz UltraSPARC-II CPU, 512 MB
RAM), which was between 801 and 22,959 s, depending on
the utilized underestimation schemes and optimality mar-
gins.12 While a direct comparison of computational time is
difficult because of different computers used, it is clear that
the PPDE method is computationally very efficient.

Case II: polymeric coating curing optimization

In automotive coating, the film-build of the basecoat and
clearcoat, usually known as the topcoat, is of utmost impor-

tance to the appearance and durability of the vehicle coat-

ing.30 Three successive processes are involved in operation,

i.e., a spray process for paint application, an ambient flash

process for film topology finalization, and an oven baking

process for solvent removal and crosslinking reactions com-

pletion. It is known that oven operation needs to be improved

for coating quality assurance and energy reduction.
The case study by Xiao et al. is further investigated in this

work.17 The goal of the optimization problem is to find the
optimal oven zone-based heating policy (oven wall tempera-
ture, circulated air temperature, and air velocity) for each ve-
hicle passing through the oven so that the energy consump-
tion is minimized, while coating quality can be guaranteed.
In this case, the oven is divided into seven zones: two radia-
tion/convection zones followed by five convection-only
zones. There are seven stages in this problem (Nst 5 7, see
the general optimization formulation) and in each stage, the
settings for the wall temperature, air temperature and air ve-
locity are constants (nu 5 3, nd

i 5 1). Note that the wall tem-
peratures in the five convection-only zones are not controlled
in the paint shop. Consequently, there are 16 decision varia-
bles: two wall temperature in radiation/convection zones, and

Figure 2. First iteration results: (a) individual preference x vs. rank, (b) kernel probability density functions (KPDFs),
population probability density function (PPDF), and probability density function in solution migration
cases (MPDF) for decision variable x1, (c) KPDFs, PPDF, and MPDF for decision variable x2, and (d)
KPDFs, PPDF, and MPDF for decision variable x3.

Table 2. Experimental Data in Case I29

tj 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

yexp
1 tj
� �

0.606 0.368 0.223 0.135 0.082 0.050 0.030 0.018 0.011 0.007
y2

expðtjÞ 0.373 0.564 0.647 0.669 0.656 0.624 0.583 0.539 0.494 0.451
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seven air temperatures and seven air velocities in all seven
zones.

Optimization Formulation. The optimization model by
Xiao et al. is directly adopted in this work.17

Objective Function. The optimization task is defined
below:

Min Q ¼
XNr

i¼1

Qr
i þ

XNz�1

i¼1

Qv
i (25)

where Nr and Nz are the numbers of radiation zones and con-
vection zones, respectively; Qr

i and Qv
i are, respectively, the

radiation energy and the convection energy needed in the ith
zone; they are evaluated by the following formulas:

Qr
i ¼

XNp

j¼1

Z t e
i

t0i

Aj= r e e�1
r Tw

i

� �4�T4
i;j

� �
tei � t0i

dt

24 35
i ¼ 1; 2; . . . ;Nr ð26Þ

Qv
i ¼

XNp

j¼1

Z tei

t0i

hi; jAj e
�1
v Ta

i � Ti;j
� �

tei � t0i
dt

" #
i ¼ 1; 2; . . . ;Nz � 1 ð27Þ

where Tw
i and Ta

i are the wall and air temperature in the ith
zone, respectively; er and ev are the thermal efficiency of the
radiation and the air convection, respectively; Ti,j is the tem-
perature of the jth panel in the ith zone; Aj is the surface
area of the jth panel; hi,j is the heat transfer coefficient for
the jth panel in the ith zone; t0i and tei are, respectively, the
starting and ending times when a vehicle passes through the
ith zone.

Constraints. The optimization is subject to three types of

constraints: an integrated process dynamic model, coating

quality, and solution feasibility.
Integrated Reactive Drying Model. The model by Lou

and Huang is adopted in this work (see Appendix for
detailed information about model development).31

Coating Quality Related Constraints. Various operation
parameters are either directly or indirectly related to the

eventual coating quality. These parameters are classified as
follows.

(a) Oven wall and convection air. In any zone, the wall
temperature setting must be restricted to avoid the loss of
control of panel heating. The convection air temperature and
air velocity should also be in their specific ranges. Thus, the
constraints are

Tw
i � Tu

w i ¼ 1; 2; . . . ;Nr (28)

Tl
ai
� Ta

i � Tu
ai

i ¼ 1; 2; . . . ;Nz (29)

Vl
ai
� Va

i � Vu
ai

i ¼ 1; 2; . . . ;Nz (30)

where Tu
w is the upper limit of the wall temperature; Tw

i is
the wall temperature in the ith zone; Tl

ai
and Tu

ai
are the lower

and upper bounds of the air temperature in the ith zone,
respectively; Vl

ai
and Vu

ai
are the lower and upper limits of

the air velocity in the ith zone, respectively.
(b) Panel temperature. In production, panel temperatures in

different zones should be within specific ranges as well, i.e.,

Tl
i � Ti;j � Tu

i (31)

where Tl
i and Tu

i are, respectively, the lower and upper bounds
of the panel temperature in the ith zone.

(c) Panel heating rate. The temperature gradient of each
panel at any time should not exceed the upper limit in each
zone, i.e.,

dTi;j
dt

� lTi;j (32)

where lTi;j is the upper limit of temperature gradient of the
jth panel in the ith zone. Similarly, the temperature change
when a vehicle moves from one zone to the next should also
be restricted, i.e.,

dTi;j t
e
i

� �
dt

�
dTiþ1;j t

0
iþ1

� �
dt

���� ���� � lDt (33)

where t0i and t e
i are, respectively, the starting and ending

times when a vehicle passes through the ith zone; lDt is the
upper bound of temperature change rate between the two ad-
jacent zones. When the vehicle moves into the last zone (i.e.,
the cooling zone), this constraint does not apply.

Figure 3. Experimental data and state variable dynam-
ics for the optimal parameters in Case I.

Figure 4. Solution revolution result for Case I (the first
200 iterations).
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(d) Crosslinking conversion percentage and time window.
The final crosslinking conversion percentage should reach a
desired value and last for a certain time period. This gives,

rl � ci;j tð Þ (34)

te � Dtx � t � te (35)

where rl is the lower bound of the final conversion percent-
age; te is the time when the vehicle leaves the oven; Dtx is
the minimum time required for holding the final crosslinking
conversion percentage.

(e) Drying rate. The drying rate should be restricted to
prevent the occurrence of certain types of defects. That is,

� dwi;j

dt
� lwi (36)

where wi;j is the mean solvent content of the film on the jth
panel in the ith zone, lwi is the upper limit of drying rate in
the ith zone. Moreover, the solvent residue in the final dry
film must be below a certain value and the thickness should
be in a specific range. This means,

we
j � we;u (37)

ze;l � ze
j � ze;u (38)

where we,u is the maximum final mean solvent residue; ze,l

and ze,u are the lower and upper limits of the final film thick-
ness, respectively.

Solution Feasibility Requirement. Non-negative energy
consumption, solvent residue, film thickness and crosslinking
conversion percentage should be ensured.

Solution Derivation and Analysis. Three types of parame-
ters should be specified before optimization. The parameters of
the integrated dynamic model and the constraints are set
exactly the same as those in Xiao et al., except that the initial
oven settings are not required when using the PPDE.17 In the
PPDE, the population size, K, is set to 20. The scaling parame-
ters, q1 and q2, are both set to 0.4. In each iteration, 18 new sol-
utions are generated (M5 18). The maximum iteration number
is set to 500 (Lmax 5 500) and the solution migration step is
introduced once every 100 iterations (Nm 5 100).

Table 3 lists the optimal temperature and air velocity set-
tings for each zone derived from the ACS,17 the GA,17 and
the PPDE algorithms. Figure 5 shows the solution revolution
results. These results clearly demonstrate the superiority of
the PPDE algorithm to the ACS-based dynamic optimization
method and GA in the following aspects.

(a) Improvement of solution quality. By comparing with
the base case, the new settings obtained from the ACS, the
GA and the PPDE reduce the overall energy consumption in
the oven to 258.87 kW h (10.74% reduction), 261.32 kW h
(9.8% reduction), and 249.02 kW h (14.11% reduction),
respectively.

(b) Significant improvement of computational efficiency.
As observed from Figure 5b, the PPDE identifies an optimal
solution within 6 min, while it costs ACS more than 20 min
to converge to a local optimal solution. If a feasible initial
solution is given, the PPDE can obtain that local optimal so-
lution derived by ACS in only about 20 s. It is also shown
by this figure that the convergence of PPDE is faster than
that of GA.

(c) Improvement of solution precision. By comparing
with ACS, the PPDE advances solution identification pro-
cess from discretized space search to continuous space
search. Consequently, solution precision has been improved
effectively.

(d) Applicability enhancement. Different from ACS, a fea-
sible initial solution is not required by the PPDE. Figure 5a
shows that a feasible solution can be identified by the PPDE
effectively (in this case, within 100 iterations). This enables
the PPDE to be applicable to the cases where only limited
system information is available.

Concluding Remarks

A PPDE framework has been developed to solve engineer-
ing optimization problems, which in most cases deal with
highly constrained and nonlinear multistage complex
dynamic processes. By comparing with the ACS-based
dynamic optimization approach by Xiao et al.,17 the solution
identification process is advanced from search-tree-based dis-
cretized-space search to probability distribution estimation
based continuous space iterative search. The PPDFs, which
represent probability distribution, are refined iteration after
iteration to find out the promising spaces containing high
quality solutions. A special penalty assignment technique is
applied to tackle various constraints. Premature convergence
is effectively prevented by the integrated solution migration
method.

The optimal parameter estimation example and the
dynamic engineering optimization problem are used to evalu-
ate the efficacy of the PPDE. The superior algorithm per-
formance in terms of solution quality and computational effi-
ciency is demonstrated through comparing results with other
methods (e.g., deterministic method, GA and ACS). The

Table 3. Solution Comparison for the Polymeric Coating Curing Optimization Problem

Zone No.

Zone
Length

(m)

Original Optimal by ACS17 Optimal by GA17 Optimal by PPDE

Va (m/s) Tw, Ta (K) Va (m/s) Tw, Ta (K) Va (m/s) Tw, Ta (K) Va (m/s) Tw, Ta (K)

1 20.73 0.18 473, 403 0.29 500, 397 0.181 500.00, 404.22 0.219 499.84, 404.33
2 13.41 0.18 478, 478 0.16 500, 435 0.161 500.00, 462.30 0.025 499.96, 431.24
3 23.67 1.8 –, 428 1.53 –, 430 1.802 –, 427.42 1.009 –, 429.23
4 23.67 1.8 –, 423 1.47 –, 426 1.791 –, 422.54 2.584 –, 427.20
5 23.67 1.8 –, 418 2.27 –, 415 2.130 –, 414.51 1.555 –, 416.38
6 10.54 1.8 –, 418 2.25 –, 414 1.125 –, 396.14 2.371 –, 405.08
7 9.14 3.5 –, 300 3.5 –, 300 3.402 –, 292.34 3.618 –, 296.55

Energy (kWh) 289.92 258.87 261.32 249.02
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PPDE method is, in general, applicable to a variety of indus-
trial dynamic optimization problems, where product and pro-
cess performance can be simultaneously considered.
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Notation

c 5 polymerization conversion degree
Io 5 option index
J 5 objective function
K 5 number of solutions in the solution population matrix

Lmax 5 total number of iterations
M 5 number of new solutions generated in each iteration
N 5 number of decision variables in each solution
Nst 5 number of stages
nc 5 number of inequality constraints
nu 5 number of system input variables
nd
i 5 number of time intervals divided in the ith stage
ni

v 5 number of violated constraints when using the ith solution
P 5 kernel probability density function (KPDF) matrix
pi,j 5 ith KPDF for the jth decision variable

�P 5 population probability density function (PPDF) vector
�pj 5 PPDF for the jth decision variable

�P
m 5 probability density function vector in the solution migration case

(MPDF vector)
�pm
j 5 MPDF for the jth decision variable
p̂ 5 probability distribution used for selecting KPDF for the new

solution construction
p̂i 5 probability of choosing the ith KPDF
Q 5 total energy consumption, kWh
R 5 ranking vector
ri 5 rank of the ith solution in the solution population
T 5 panel and film temperature, K
Ta 5 convection air temperature, K
Tw 5 oven wall temperature, K
Va 5 convection air velocity, m/s
w 5 solvent content in film, kg solvent/kg solids in painteX 5 solution population matrixeXq

5 solution population at the qth iterationeXopt
5 the best solution

xj 5 jth decision variable
~xi;j 5 value for the jth decision variable in the ith solution of the

solution population

Greek letters

q 5 scaling factor
X 5 individual preference vector
xi 5 weight/preference for the ith solution
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Appendix: Integrated Reactive Drying Model

The integrated reactive drying model by Lou and Huang
adopted in this work is briefly presented below.31

(a) Panel heating model. The panel temperature dynamics
can be described as follows.

qm
j Cpj

mZm
j

dTi;j
dt

¼ =re Tw
i

� �4�T4
i;j

� �
þ hi;j T

a
i � Ti;j

� �
i ¼ 1; 2; . . . ;Nr ðA1Þ

hi;j ¼ bi;j Va
i;j

� �0:7

(A2)

qm
j Cp

m
j Z

m
j

dTi;j
dt

¼ hi;j T
a
i � Ti;j

� �
i ¼ ðNr þ 1Þ; 2; . . . ;Nz

(A3)

where qm, Cm
p , and Zm are the density, heat capacity, and the

thickness of the metal substrate, respectively; = is the view-
ing factor for radiation; r is the Stefen-Boltzman constant; e
is the emissivity; h is the heat transfer coefficient, that is a
function of convection air velocity (Va), the distance between
the panel and the convection air nozzles, and others
(expressed by b).

(b) Solvent removal model. To facilitate the modeling, the
clearcoat film is divided into a number of very thin slices,
each of which has a fixed thickness (Dz). The slices are num-
bered starting from the one just above the basecoat surface.
The following models can reveal the solvent (or water) re-
moval process occurred on the surface and within the clear-
coat:

Dz
@wi;j;k

@t
¼ Dfi;j;k

@wi;j;k

@z
k ¼ 1 (A4)

Dfi;j;k ¼ ge� ðc=wi;j;kÞþðEd=RTi;jÞð Þ k ¼ 1; 2; . . . ;Ns
j (A5)

@wi;j;k

@t
¼ @

@z
Dfi;j;k

@wi;j;k

@z

� �
k ¼ 2; 3; . . . ; ðNs

j � 1Þ (A6)

qs
j z

s
j

@wi;j;k

@t
¼ Kt Pa � aPsð Þ

P
þ qs

jDfi;j;k

@wi;j;k

@z
k ¼ Ns

j (A7)

where wi,,j,k is the solvent content in the kth slice of the film
on the jth panel in the ith zone; Ns

j is the total number of sli-
ces; Df is the diffusivity; g is a pre-exponential constant for
diffusion; c is a constant; Ed is the activation energy for dif-
fusion; qs

j and zs
j are the density and thickness of unreducible

components in the film of the jth panel, respectively; Kt is
the mass transfer coefficient.

(c) Film thickness model. Different from the solvent re-
moval model, this model contains the following integral
equations for each panel:

ql
jðzjðtÞ � zjðtþ DtÞÞ ¼ qs

j

 Z z
j
ðtÞ

0

wjðtÞdz

�
Z zjðtþDtÞ

0

wjðtþ DtÞdz
!

ðA8Þ

where ql
j and qs

j are densities of solvent and unreducible
components in the film of the jth panel, respectively.

(d) Polymerization model. According to Dickie et al.,32

the following first-order kinetic model can capture the
major phenomena of the coating of each panel when it is
baked:

dci;j
dt

¼ fe�Er=RTi;j 1 � ci;j
� �

(A9)

where ci,j is the polymerization conversion of the film on
the jth panel in the ith zone, Er is the reaction activation
energy, and f is the reaction frequency factor.
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